Abstract. We obtain a lower bound on the number of quadratic Dirichlet L-functions over the rational function field which vanish at the central point s = 1/2. This is in contrast with the situation over the rational numbers, where a conjecture of Chowla predicts there should be no such L-functions. The approach is based on the observation that vanishing at the central point can be interpreted geometrically, as the existence of a map to a fixed abelian variety from the hyperelliptic curve associated to the character.
Introduction
S. Chowla conjectured in [4] that, for any real non-principal Dirichlet character χ, L(s, χ) = 0 for all s ∈ (0, 1). In particular, his conjecture asserts that L-functions of quadratic characters never vanish at the central point s = 1/2.
Although this conjecture is still open, much progress has been made. K. Soundararajan [16] proved that at least 87.5% of odd squarefree positive integers d have the property L(1/2, χ 8d ) = 0 where χ 8d denotes the quadratic character with conductor 8d.
In this paper, we consider the analogue of Chowla's conjecture obtained by replacing the field of rational numbers with the field of rational functions over a finite field.
Let q = p e be a power of an odd prime p and F q the finite field with q elements. Let k = F q (t) denote the field of rational functions over F q . The primes of k are represented by monic irreducible polynomials in F q [t] except the one prime at infinity.
A quadratic character of k corresponds to a squarefree polynomial in F q [t] . Explicitly, take D ∈ F q [t] to be a squarefree polynomial and K = k( √ D) the quadratic extension of k by joining √ D. Then we can define a quadratic character χ D as follows: where the product is taken over the primes represented by polynomials P and |P | = q degP . Note that in the definition above, we have restricted ourselves to characters corresponding to monic squarefree polynomials which is half of all quadratic characters. But since we only study the density in this paper, such restriction won't affect our results.
Under this definition, the analogue of Chowla's conjecture states that g(N ) is empty for any N . There are some results towards this statement.
Bui and Florea [3] showed for a fixed finite field F q with odd characteristic, as N → ∞, |g(N )| ≪ 0.057N + o(1) where N = q 2n+1 for some n > 0.
The purpose of this paper is to show that the analogue of Chowla's conjecture over F q (t) is not correct and to give a lower bound on the number of counterexamples with bounded height. Remark 1.4. Although Chowla's conjecture is not strictly true over F q (t), it may hold for almost all quadratic characters, i.e. it may be the case that |g(N )|/N → 0 as N → ∞.
Outline of paper. In section 2, we give a geometric interpretation for the vanishing of a quadratic L-function at the central point. In section 3, we show a lower bound on the number of hyperelliptic curves which admit a dominant map to some fixed curve. In section 4, we describe an application of our main theorem to give a lower bound on the number of elliptic curves with elevated ranks in certain quadratic twist families. In section 5, we provide the proof of Theorem 1.3. In section 6, we present some of the data we collected using Magma on this problem.
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Geometric Interpretation of Vanishing at the Central Point
Let D be a monic squarefree polynomial over F q . Then y 2 = D is a hyperelliptic curve defined over F q which we denote by C from now on. The
as defined before is the function field of C.
be the characteristic polynomial of geometric Frobenius acting on the Jacobian J(C).
Then we get
where
By the Riemann Hypothesis for curves over finite fields, we have a factorization
where g is the genus of C and π j an algebraic integer with |π j | = q 1/2 under every complex embedding.
The following lemma is now immediate.
Lemma 2.1. Let D be a monic squarefree polynomial in F q [t] and χ D be the quadratic character associated to D. Let C be the hyperelliptic curve defined by y 2 = D, P ∈ Z[x] the characteristic polynomial of geometric Frobenius acting on the Jacobian of C and π 1 , . . . , π 2g the eigenvalues of this action. Then the following statements are equivalent:
• P (q −1/2 ) = 0.
• π j = q 1/2 for some j.
Algebraic integers with all Archimedean absolute values equal to q 1/2 are called Weil integers. The theorem of Honda-Tate states every Weil integer is an eigenvalue of the geometric Frobenius acting on some simple abelian variety over F q . Theorem 2.2 (Honda-Tate [7] , [10] ). Let A be an abelian variety defined over F q and π A an eigenvalue of the geometric Frobenius endomorphism of A. The map A → π A defines a bijection between the F q -isogeny classes of abelian varieties defined and simple over F q and Galois conjugacy classes of Weil integers.
In particular, Honda-Tate guarantees the existence and uniqueness of an isogeny class of simple abelian varieties over F q with q 1/2 being an eigenvalue of the Frobenius. We denote a representative of this class by A q . Now we want to find hyperelliptic curves whose Jacobians have q 1/2 as a Frobenius eigenvalue. Any curve C with a nonconstant map to A q has A q as an isogeny quotient of J(C), which implies C has q 1/2 as a Frobenius eigenvalue. A theorem of Tate guarantees the converse also holds. Theorem 2.3 (Tate [7] , [12] ). Let A and B be abelian varieties defined over F q and let f A , f B ∈ Z[T ] be characteristic polynomials of geometric Frobenius on A and B. Then the following are equivalent:
Proposition 2.4. Let C be a hyperelliptic curve defined over F q , then q 1/2 is an eigenvalue for geometric Frobenius acting on J(C) if and only if A q is F q -isogenous to a sub-abelian variety of J(C).
Proof. By the theorem of Honda-Tate, there is a unique isogeny class of simple abelian varieties over F q having q 1/2 as a Frobenius eigenvalue, i.e. the class containing A q . Since J(C) can be decomposed up to isogeny uniquely as products of simple abelian varieties over F q , by the theorem of Tate, q 1/2 being a Frobenius eigenvalue for J(C) is equivalent to J(C) having a simple factor isogenous to A q . Thus, equivalently there is a dominant map J(C) → A q over F q . And as long as we have a map C → J(C) over F q such that the image doesn't lie in any coset of the kernel of the projection to A q , the composition gives a nonconstant morphism from C to A q .
To construct such a map, we just need to take the canonical class ω C and define
Then the image of C F q under this map generates J(C) as a group. Thus it is not contained in the kernel of J(C) → A q and intersect the kernel non-trivially. This shows the existence of a nontrivial map from C to A q .
Conversely, if there exists a nontrivial map from C to A q , it factors through the Albanese variety of C which is the dual abelian variety of J(C). Since Jacobian varieties are self-dual, this induces a nontrivial map from J(C) to A q . Since A q is F q -simple, this map is surjective. This implies that the map from C to A q is surjective as desired. Proposition 2.5 supplies a geometric condition equivalent to our algebraic statement L(1/2, χ D ) = 0. All we need is to use this geometric condition to construct desired polynomials D.
Maps Between Hyperelliptic Curves
In this section, we prove the following result which provides a lower bound for the number of hyperelliptic curves of bounded genus covering a fixed hyperelliptic curve over a finite field of odd characteristic. 
The restriction on the form of the defining equation of C 0 is only used for the proof of Proposition 3.1. Lemma 3.2 and 3.3 hold for general hyperelliptic curves.
The proposition is based on two lemmas relating maps between hyperelliptic curves to maps from P 1 to P 1 . The treatment is slightly different when the base curve is an elliptic curve and when the base curve has higher genus, we treat the two cases separately, in Lemma 3.2 and Lemma 3.3 respectively. Lemma 3.2. Let ϕ : C → E be a dominant map from a hyperelliptic curve to an elliptic curve over a field k where char k = 2. Let C/ι C be the degree 2 map from C to P 1 induced by the hyperelliptic involution and E/[−1] be the degree 2 map from E to P 1 induced by the elliptic involution. Then there exists a dominant map ψ : C → E together with a map h(x) : P 1 → P 1 and a point R ∈ E(k) such that the following diagram commutes.
Proof. Take any point P on C and denote P = ι C (P ); then P + P is linearly equivalent to P ′ + P ′ for any point P ′ on C.
We have
where R is a k-point of E. Define ψ by the rule ψ(P ) = 2ϕ(P ) − R.
which means it is equivariant for the two involutions as desired.
Lemma 3.3. Let C 1 and C 2 be hyperelliptic curves with genus greater than 1 over a field k where char k = 2. Let ψ :
Then there exists a rational function h over k such that the following diagram commutes:
where ι 1 and ι 2 are the hyperelliptic involutions on C 1 and C 2 .
Proof. Let C be a hyperelliptic curve of genus greater than 1 and let W be a Weierstrass point of C.Then the fiber over 2W in Pic 2 (C) of the natural map Sym 2 (C) → Pic 2 (C) is given by divisors of form P +P where P denotes the image of P under the hyperelliptic involution.
Note that for an elliptic curve, every point is Weierstrass and thus 2W doesn't specify a unique divisor class in Pic 2 (C). Thus considering ψ induces a map from Pic 2 (C 2 ) to Pic 2 (C 1 ), a pair of conjugate points on C 1 get mapped to a pair of conjugate points on C 2 . Proposition 3.4. There exists a dominant map from a hyperelliptic curve C :
if and only if the quadratic twist Dy 2 = f (x) has a nontrivial rational point (x 0 , y 0 ) over F q (t).
Proof. By the previous two lemmas 3.2 and 3.3, if a dominant map exists, C has a defining equation of the form s 2 = f (h(t)) for some rational function h(t) in F q (t). Thus, there exists p(t) ∈ F q (t) such that
which is saying
satisfies Dy
On the other hand, if there exists a point (x 0 , y 0 ) on the curve defined by Dy 2 = f (x), then we have a dominant map (t, s) → (x 0 , y 0 s) from C to C 0 .
From Proposition 3.4, our question about squarefree polynomials D ∈ F q [t] with curve defined by s 2 = D(t) admitting a dominant map to a hyperelliptic curve of genus g defined by y 2 = f (x) is exactly the same as asking for nontrivial solutions of the equation
If we have Dp 2 = f (h), then we get
which is a degree 2g + 2 homogeneous polynomial in u, v and is denoted by
and we can give a bound on the number of D by estimating the number of squarefree values taken by F (u, v).
The main tool in our lower bound is a theorem of Poonen showing that squarefree polynomials over a localization of a polynomial ring take many squarefree values. 
) is a product of distinct primes in A. For a ∈ A, define |a| = |A/a| and for a ∈ A n , define |a| = max |a i |.
Then the limit µ S f exists and is equal to p (1 − c p /|p| 2m ).
Proof. This proposition follows Theorem 8.1 of [14] by setting the "box" to be {u, v ∈ F q [t] : |u|, |v| < N }.
Remark 3.6. Proposition 3.5 only helps us if µ S f > 0. In order to ensure this, it suffices to check that none of the factors (1 − c p /|p| 2m ) is zero where we take m = 2 for our case. If for some prime π in F q (t), 1 − c π /|π| 4 = 0, then this means Thus, we choose P f be the set of primes P of F q (t) such that |P | < n.
If deg f = 2g + 2, then by the condition of the proposition, f is squarefree and reducible. Fix a nontrivial factorization f = f 1 f 2 where gcd(f 1 , f 2 ) = 1.
If deg f = 2g + 1, let the the factorization f = f 1 f 2 be the trivial one where f 1 = f and f 2 = 1.
Let
. Then the factorization of f induces a natural factorization F = F 1 F 2 where
Recall Definition 1.1
Let the set A be defined as in Remark 3.6. Suppose u and v are elements of
; then the curve Dy 2 = f (x) has a point (u/v, a/v n/2 ) over K = F q (t) where a is a unit in A. By Proposition 3.4, this implies curve y 2 = D admits a dominant map to C 0 .
For pairs (u, v) with |u|, |v| < N 1/n , we get |F (u, v)| < N . Thus, we can define a subset of G(N ) as:
where a is a unit in A. Define set W (N ) as follows:
We have an explicit surjective map from W (N ) to G ′ (N ).
where D is the squarefree part of
By Proposition 3.5,
For each fixed D ∈ G ′ (N ), want to count pairs (u, v) with F (u, v) = a 2 D for some unit a. Since F = F 1 F 2 , for each a, there exist decompositions For each fixed D ∈ G ′ (N ), the size of ϕ −1 (D) is bounded above by n 2 c(N ). Then for any N ,
when |X| is sufficiently large, we get
where c ǫ is a constant depending on ǫ.
A View Toward Ranks of Elliptic Curves
We start by recalling some standard definitions.
Definition 4.1. An elliptic curve E defined over F q (t) is constant if it can be defined by a Weierstrass form with coefficients in F q . An elliptic curve E defined over F q (t) is isotrivial if there is a finite extension L of F q (t) such that E becomes constant over L. Equivalently, E is isotrivial if and only if j(E) ∈ F q . Proposition 4.2 (Proposition 6.1 of [18] ). Let E 0 be an elliptic curve over k = F q . Let K be the function field k(C) of a curve C over k.
There is a canonical isomorphism
where Mor k denotes morphisms of k-schemes. Under this isomorphism, E K (K) tor corresponds to the subgroup of constant morphisms.
Corollary 4.3 (Corollary 6.2 of [18]
). Let J(C) be the Jacobian of C. Then we have canonical isomorphisms of abelian groups
where Hom k−av denotes morphisms of abelian varieties over k.
Proposition 4.4. Let E = E 0 ×F q (t) be a constant elliptic curve over F q (t).
, let E D denote the quadratic twist of E by D. Let P (N ) be the set {D ∈ F q [t] : monic, squarefree, |D| < N } as in Definition 1.1. Let R m (N ) be the set {D ∈ P (N ) : rank E D ≥ m}. Then for any ǫ > 0, there exist nonzero constants B ǫ and N ǫ such that
Moreover, if the rank of End Fq (E 0 ) is 4, then we can replace R 2 (N ) with R 4 (N ) and the conclusion still holds.
Proof. By Prop 3.1, for any ǫ > 0, there exists a nonzero constant B ǫ such that at least B ǫ N 1/2−ǫ hyperelliptic curves y 2 = D with |D| < N admit a dominant map to E 0 when N is large.
By Proposition 4.2, Corollary 4.3 and Poincaré complete reducibility [18] , for such D, rank E D ≥ rank End(E 0 ).
Since our ground field is of positive characteristic, the endomorphism ring of E 0 has rank 2 or 4.
Proposition 4.5. Let E = E 0 × F q (t) be a constant elliptic curve over F q (t) where E 0 [2](F q ) = O. When p = 2, q = 3, 9 and a 2 − 4q / ∈ {−3, −4, −7} where a is the trace of geometric Frobenius acting on the Tate module, we have the following.
Let P (N ) = {D ∈ F q [t] : monic, squarefree, |D| < N }. Let R m (N ) be the set {D ∈ P (N ) : rank E D ≥ m}. Then for any ǫ > 0, there exist nonzero constants B ǫ and N ǫ such that
Moreover, if the rank of End Fq (E 0 ) is 4, then we can replace R 4 with R 8 and the conclusion holds.
Proof. By [11] , we know when the conditions on p, q, a 2 −4q in the statement of the proposition are satisfied, there exists a Jacobian variety isogenous to E 0 × E 0 over F q . This Jacobian variety corresponds to a genus 2 curve C. We now show that C has a defining equation that satisfies the condition for Proposition 3.1.
Let y 2 = f (x) be a defining equation for C and assume deg f = 6. Denote the roots of f by x 1 , . . . , x 6 . Then the 2-torsion group of J(C) is generated by divisors (x 1 , 0) − (x i , 0) where i = 2, 3, 4, 5. Thus, using this basis, from the action on x 1 , . . . , x 6 , we get the matrix representation of the Frobenius action on J(C) [2] ≃ (F 2 ) 4 . If Frobenius acts on the roots transitively, then the characteristic polynomial of the action on the F 2 vector space is x 4 + x 2 + 1.
Since we know the characteristic polynomial of Frobenius acting on the Tate module of J(C) is (1 − ax + qx 2 ) 2 , we see that the action of Frobenius on J(C 0 ) [2] has characteristic polynomial x 4 + 1 when a is even. And a is even if and only if condition E 0 [2](F q ) = O holds. Thus Frobenius doesn't act transitively on the Weierstrass points of curve C.
Since Frobenius doesn't act transitively on the Weierstrass points of C, it has a defining equation of the form y 2 = f (x) where f is not irreducible.
By Prop 3.1, for any ǫ > 0, at least B ǫ N 1/3−ǫ hyperelliptic curves y 2 = D with |D| < N admit a dominant map to this fixed genus 2 curve when N is sufficiently large.
For these D, rank E D ≥ 2 rank End(E 0 ). Since our ground field is of positive characteristic, End(E 0 ) has rank 2 or 4 which gives rank 4 and 8 for quadratic twists E D .
From the geometric interpretation of L-functions, we know L(1/2, χ D ) = 0 if and only if there exists a dominant map from the hyperelliptic curve defined by C : y 2 = D to E 0 . Using the statements above, this condition is equivalent to the quadratic twist of the constant elliptic curve E 0 × F q (t) by D having positive rank.
More precisely, we have the following proposition.
Proposition 4.6. For q a square, let E 0 be an elliptic curve which admits √ q as a Frobenius eigenvalue.
Denote by E the base change of E 0 to the function field F q (t).
Denote by E D be the quadratic twist of E by D where D is a squarefree polynomial in F q [t] .
Recall the definitions
Proof. Let D be a monic, squarefree polynomial in F q [t] and C the hyperelliptic curve defined by y 2 = D. Let K be the function field k(C) of C and
Let J(C) be the Jacobian of C. Assume that J(C) is isogenous to E m 0 ×A over k where A is an Abelian variety admitting no nonzero morphisms to E 0 .
Then by Corollary 4.3,
Since E 0 is defined over F q , rank End(E 0 ) is at least 2; we conclude that rank E K ≥ 2m.
We have rank E K (K) = rank E D (F q (t)) + rank E(F q (t)). But rank E(F q (t)) is always 0 since F q (t) is the function field of P 1 and there is no nonconstant map from P 1 to an elliptic curve.
Thus rank E D = rank E K ≥ 2m . As was studied before, L(1/2, χ D ) = 0 if and only if C admits a dominant map to E 0 . This is equivalent to m > 0 and rank E D ≥ 2.
Thus, by Prop 4.6, results on quadratic characters can be used to give lower bounds on the number of elliptic curves with rank ≥ 2 in quadratic twist families of constant elliptic curves.
There are lots of heuristics and results on the study of ranks of elliptic curves in a quadratic twist family over number fields ([13] , [2] ). For example, with a fixed E/Q, let d range over fundamental discriminants in Z. Define set N (X) = {d < X : rank(E d ) ≥ 2 and is even } Then it is conjectured by Sarnak that
Following Katz-Sarnak philosophy, Conrey, Keating, Rubinstein, and Snaith [5] made the previous conjecture more precise. They conjectured that there exist constants c E , e E such that
e E Gouvêa and Mazur [9] proved under the parity conjecture, for any ǫ > 0, there exists a constant X ǫ such that for all X ≥ X ǫ ,
In the same spirit, Karl Rubin and Alice Silverberg [15] showed unconditionally that if either
has a non-trivial Galois equivariant automorphism and End C (E) = Z[i], or • E has a rational subgroup of odd prime order p and Z[ √ −p]
End C (E). one has, for X ≫ 1,
They also showed the existence of a family of elliptic curves E over Q such that
Goldfeld [8] conjectures that the average rank of quadratic twists of an elliptic curve is 1/2 , to be more precise,
What underlies this conjecture is a widely held belief that 50% of the elliptic curves have rank 0 and 50% have rank 1. This is a combination of parity principle and minimalist philosophy. In our case, the parity principle does not apply, since all the quadratic twists in our family have even rank. Thus, we don't expect the average rank of this family to approach 1/2. But still, we would expect minimalist philosophy which means 0% of elliptic curves in this family have rank ≥ 2.
And this expectation is supported by Bui and Florea's result mentioned in the first section for the odd degree case.
Corollary 4.7. For q a square, let E be an elliptic curve over F q where
Proof. This follows from Prop 4.6 and Corollary 2.1 of [3] .
Proof of the Main Theorem
In this section, we will use Prop 3.1 as our main tool to prove the three statements of Theorem 1.2.
Proof of Theorem 1.2 (1) . Following the theorem of Honda-Tate, when q is a square, the simple Abelian varieties defined over F q with q 1/2 being a Frobenius eigenvalue are elliptic curves. We will pick one such curve and call it E with a Weierstrass form.
When q is a square, C : y 2 = D admits a dominant map to E if and only if L(1/2, χ D ) = 0.
By Proposition 3.1, since E has genus 1 with an odd defining equation, for any ǫ > 0, there are at least B ǫ N 1/2−ǫ polynomials with |D| < N satisfying the condition where B ǫ is a nonzero constant.
So we get for polynomials D ∈ F q [t] with |D| < N , for any ǫ > 0, there are at least B ǫ N 1/2−ǫ which have the property that L(1/2, χ D ) = 0 for N large.
Proof of Theorem 1.2 (2). When q is not a square, the simple F q Abelian varieties with q 1/2 as a Frobenius eigenvalue form an isogeny class of Abelian surfaces. They are exactly the Weil restriction of scalars of the class of elliptic curves defined over F q 2 which have q as a Frobenius eigenvalue.
By results of Howe, Nart and Ritzenthaler [11] , for all q > 3, there is an abelian variety A q having √ q as a Frobenius eigenvalue which is the Jacobian of a smooth genus-2 curve. It will play the same role in this section as the elliptic curve E for the case when q is a square. Now in this case, we still have that for a polynomial D ∈ F q [x] to have L(1/2, χ D ) = 0, A q is isogenous over F q to a subabelian variety of the Jacobian of curve C given by y 2 = D.
Unlike the previous case, a map J(C) → A q won't induce a map from C to C 0 .
However, the existence of a map C → C 0 would guarantee J(C 0 ) = A q to be isogenous to a subabelian variety of J(C).
In order to use Prop 3.1, we need C 0 to have a defining equation of the form y 2 = f (x) where deg f = 6 and f is reducible.
We will show that C 0 has such an equation for all q; that is, for each q and each C 0 whose Jacobian is isogenous to A q , the q-th Frobenius doesn't act transitively on the Weierstrass points of C 0 .
Denote the roots of f by x 1 , . . . , x 6 . Then the 2-torsion group of J(C 0 ) is generated by divisors (x 1 , 0) − (x i , 0) where i = 2, 3, 4, 5. Thus, using this basis, from the action on x 1 , . . . , x 6 , we get the matrix representation of the Frobenius action on J(C 0 )[2] ≃ (F 2 ) 4 . If Frobenius acts on the roots transitively, then the characteristic polynomial of the action on the F 2 vector space is x 4 + x 2 + 1.
Since we know the characteristic polynomial of Frobenius acting on the Tate module of J(C 0 ) is x 4 − 2qx 2 + q 4 , we see that the action of Frobenius on J(C 0 ) [2] has characteristic polynomial x 4 + 1. Thus Frobenius doesn't act transitively on the Weierstrass points.
Since Frobenius doesn't act transitively on the Weierstrass points of C 0 , it has a defining equation of the form y 2 = f (x) where f is not irreducible. By applying Proposition 3.1, for any ǫ > 0, there are at least B ǫ N 1/3−ǫ polynomials with |D| < N with the curve defined by y 2 = D admitting a dominant map to C 0 where B ǫ is a nonzero constant.
We thus conclude that g(N ) is at least B ǫ N 1/3−ǫ for N large.
Proof of Theorem 1.2(3). We used Magma to go through all hyperelliptic curves defined by monic squarefree polynomial over F 3 and found that the curve C defined by y 2 = x(x 8 −1) admits √ 3 as a Frobenius eigenvalue. Since C has an odd defining equation and is of genus 4, by applying Proposition 3.1, we conclude for any ǫ > 0, at least B ǫ N 1/5−ǫ hyperelliptic curves admit a dominant map to C where B ǫ is a nonzero constant and N is large.
Data and Remarks
To get a direct view of our main problem, we used Magma to list all monic squarefree polynomials up to a certain degree over some finite fields and evaluate the L-functions corresponding to the hyperelliptic curves defined by these polynomials at the central point to get a count on the ones with value 0. We have listed the data over fields F 5 and F 9 in the following tables. For field F 3 , there was only one curve of genus 4 given by a degree 9 defining equation found during the enumeration for polynomials of degree up to 12.
In the following tables, the first column is the degree d of polynomials. Second column is the number of polynomials of degree d whose corresponding L-function vanishes at s = 1/2. The set of such polynomials is denoted as g ′ (q d ). Note that the set g(q d ) studied in the paper is the union of g ′ (q k ) for all k ≤ d. The third column lists the total number of degree d monic squarefree polynomials. The last column is the value log(g ′ (q d ))/log(q d − q d−1 ). By our main theorem, it has a lim inf of at least 1/3 for F 5 and 1/2 for F 9 as d → ∞. which was put in the last column. Over F 5 , we see there exists a genus 2 curve defined by a degree 5 polynomial with Frobenius eigenvalue √ 5. This polynomial is x(x 4 − 1). Unlike hyperelliptic curves defined over larger fields, this curve doesn't have an even degree model. That explains why there is no quadratic character with conductor 5 6 whose L-function vanishes at s = 1/2. Similarly,for degree 8, 9 and 10, 5000000 data points for each were randomly sampled and we got the following data. The last column is the approximation gotten the same way as the case of field F 5 listed above. Thus, what this data tells us is that hyperelliptic curves defined over F p 2 with a Frobenius eigenvalue p is more likely to have a rational Weierstrass point.
One explanation for this phenomenon is the observation that elliptic curves defined over F p 2 with Frobenius eigenvalues p and p have full 2 torsion group over F p 2 . This is because the pth Frobenius acts on Tate module T l by multiplication by p; thus, if p ≡ 1 mod l then the action is trivial on E[l]. And this is equivalent to l-torsion points being defined over the ground field.
Thus the elliptic curve E we used in the proof of Theorem 1.1 part 1 is defined by y 2 = x(x − 1)(x − λ) where λ ∈ F q . And the hyperelliptic curves C which admit a dominant map to E have defining equations of the form y 2 = F (x) = u(x)(u(x) − v(x))(u(x) − λv(x))v(x).
For C to have a rational Weierstrass point is equivalent to F (x) having a rational root. As we can see, instead of being a random polynomial over F q , F (x) admits a factorization into four factors; this should increase the likelihood of its having an F q rational root.
